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Abstract. Vagueness challenges the boundaries of classical logic by exposing how incremental
changes—Ilike adding a single hair to a bald man—Ilead one to paradoxical conclusions. With-
out claiming exhaustivity, this study compares ten philosophical logics for vagueness —nine
non-classical: trivaluationism, fuzzy logic, supervaluationism, non-numerical degree-based,
probabilism, fuzzy plurivaluationism, “truer”-based, non-transitivism, compatibilism, and one
classical: epistemicism—each offering a distinct way to replace or refine classical logic. The
guiding question is: What minimal modifications allow us to preserve most workings of classi-
cal logic while embracing the graduality and inexactitude characteristic of vagueness? Through
a comparative method, the study explores four axes: (1) truth values, (2) operators and
truth-functionality, (3) semantics, (4) truth, validity and the Sorites paradox, and concludes with
comparative tables and brief evaluative remarks.
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INTRODUCTION

Vagueness is a pervasive phenomenon of great philosophical interest. It con-
cerns the lack of boundaries for common concepts or objects. If a man of zero hairs
is bald, and one hair cannot make a difference, then a man of one, two, three, up to
a million hairs will still be bald. The Sorites paradox which has just been illustrated
threatens reasoning with natural language and the rules of classical logic, intro-
duced by the founders of analytical philosophy' and fundamental for mathematics.

Of course, classical first-order logic (FOL) is an extension of classical proposition-
al logic (CPL). The main alternatives to classical logic which have been proposed in the

! For Gottlob Frege’s thoughts on vagueness and a parallel with contemporary theories,
see Marian Célborean, “Vagueness and Frege,” Romanian Journal of Analytic Philosophy, vol.
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vagueness debate are propositional themselves — their treatment of vagueness, in Elia
Zardini’s words, “already emerges at the sentential level”.? That is why we can call them
vague logics. There is an argument to be made that the Sorites is a paradox which can be
expressed only in FOL or second-order logic® and hence, a logic for vagueness should be
able to express relations, i.e., be above zero-order. However, most of the popular logics
for vagueness place it at the level of semantics or by redefining logical operators. They
are nonetheless relevant for the philosophical issues raised by vagueness.

I will summarize (i) three variants of trivaluationism, namely those of Mi-
chael Tye* and those of Séren Halldén and Stephan Korner (both as cited by Timo-
thy Williamson)?, (ii) the fuzzy logics started in the 1960s, in Kenton Machina’s
variant®, (iii) the supervaluationist school started in the 1970s, mainly in Kit Fine’s
1975 variant’, (iv) J.A. Goguen’s framework for non-numerical degrees of truth
which he offered simultaneously with his grounding of fuzzy logic®, (v) Dorothy
Edgington’s probabilistic approach to predicate tolerance’, (vi) Nicholas J.J.
Smith's recent fuzzy plurivaluationism'®, (vii) Brian Weatherson’s recent logic of
truer'’, (viii) Elia Zardini’s recent non-transitivism'?, (ix) Kit Fine’s recent compat-
ibilist semantics for vagueness'®. They disagree with classical logic on one or more
points. Finally, I will add (x) Williamson’s epistemicism'* to the comparison. Epis-
temicism is a theory of vagueness that is usually thought of as synonymous with
the defense of classical logic. It is rather classical logic plus what I call predicate-
ordering monotony”. Namely, the popular idea that any man of equal or more cm
than another is tall provided the latter is, that any man of equal or less hairs than
another is bald provided the latter is, etc. And therefore, there is a standard of sep-
aration (or, otherwise put, a boundary) between positive and negative cases.

The alternative logics to be discussed were created with philosophical aims, by
authors well-acquainted with classical logic. They compete for a logico-philosophical

2 Elia Zardini, “A model of tolerance,” Studia Logica, vol. 82, 2006, p. 4.

3 Marian Cilborean, “The nature and logic of vagueness,” (PhD Thesis, University of Bucha-
rest, 2020), pp. 47-61.

4 Michael Tye, “Sorites paradoxes and the semantics of vagueness,” in Rosanna Keefe, Peter
Smith (eds.), Vagueness: A reader, MIT Press, 1996, pp. 281-293.

3 Timothy Williamson, Vagueness, London, Routledge, 1994, pp. 103—111.

¢ Kenton Machina, “Truth, belief and vagueness,” in Rosanna Keefe, Peter Smith (eds.),
Vagueness: A reader, MIT Press, 1996, pp. 174-203.

7 Kit Fine, “Vagueness, truth and logic,” Synthese, vol. 30, nr. 3/4, 1975, pp. 265-300.

8 J.A. Goguen, “The logic of inexact concepts,” Synthese, vol. 19, nr. 3/4, 1969, pp. 325-373.

° Dorothy Edgington, “Vagueness by degrees,” in Rosanna Keefe, Peter Smith (eds.), Vague-
ness: A reader, MIT Press, 1996, pp. 294-316.

19 Nicholas J.J. Smith, Vagueness and degrees of truth, Oxford University Press, 2008.

I Brian Weatherson, “True, truer, truest,” Philosophical Studies, nr. 123 (online penultimate
version), 2005, http://brian.weatherson.org/ttt.pdf, accessed 21 december 2024.

12 Elia Zardini, “A model of tolerance.”

13 Kit Fine, “The possibility of vagueness,” Synthese, vol. 194, nr. 10, 2017, pp. 3699-3725.

14 Timothy Williamson, Vagueness.

15 Marian Cilborean, “The nature and logic of vagueness,” p. 19.



3 Paths through the fog: A comparative analysis of ten philosophical logics for vagueness 83

challenge: what is the minimal modification of classical logic to accommodate the in-
exactitude and graduality which we associate with vagueness, while simultaneously
illuminating us in its regard? Non-classical logicians can be compared to someone
adapting her grandmother’s gown for her daughter’s prom night. The gown can be cut
in some places, resewn in others, but the enterprise will fail if the teenager does not see
the point of wearing it and does not act her part. We will see negation defined in terms
of possible interpretations, non-linear truth values with an absolute minimum, valid ar-
guments from partially true premises to false conclusions and other proposals which
would seem strange if the motivation is not adapted to. So, I will provide the philo-
sophical motivation, but also the most salient objections to each.

As for the method, I will approach these theories in a comparative manner.
There are four axes of comparison: (1) truth values, (2) operators and truth-
functionality, (3) semantics, (4) truth, validity and the Sorites paradox. Across
each, the theories are ordered differently, according to the best angle of contrast. I
will end with (5) comparison tables which serve as a handy summary and a con-
cluding section. To make the presentation easier to follow, the objections raised to
the theories will be in bold italic typeface, while the mentions of theories and au-
thors will be in beld typeface. Even though there are more philosophical logics for
vagueness than those contained in this study, the method can be applied to them as
well at a later time.

1. TRUTH VALUES

FOL is usually said to have two truth values: true and false. They correspond
to a long tradition of philosophy and are remarkably theory-independent.'® A meta-
logical commitment to this truth-set of two values is called bivalence.'” But the
minimal semantics for FOL or CPL does not need this truth-set. In both, only truth
can be defined, and negation is false just in case the negated sentence is true, true
otherwise. This explains why, before the separation of logic and metalogic, what
we call bivalence was seen as a normal reading of the common law of excluded
middle (LEM): 4 v —4."

16 “Depending on their particular use, truth values have been treated as unanalyzed, as defined,
as unstructured, or as structured entities.” Yaroslav Shramko, Heinrich Wansing, “Truth values,” in
Edward N. Zalta (ed.), The Stanford Encyclopedia of Philosophy, Spring 2018, 2018.

17 Edgington contests that her infinite verities — corresponding to probabilities between 0
(false) and 1 (true) make her logic non-bivalent. She argues that bivalence is the commitment to
LEM, plus a disquotational property of truth. But that is a non-standard usage of bivalence, so we can
understand Edgington’s ideas without classifying her as a bivalent author. LEM will also be perfectly
true in supervaluationism and Zardini’s tolerant logics. The disquotational property of truth will be
discussed in section 4 below. Dorothy Edgington, “Vagueness by degrees,” p. 311.

18 For example, Frege quotes many times LEM as expressing what we would now call biva-
lence. The modern view is succinctly expressed by Quine “Bivalence is a basic trait of our classical
theories of nature. It has us positing a true-false dichotomy across all the statements that we can ex-
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1.1. ADDING TRUTH VALUES

The simplest way to accommodate indecision concerning whether a sentence
is true or false is to introduce a third value. Trivaluationists, such as (arguably)
Frege, Halldén, Korner, and Tye add a third — intermediate — value, for the inde-
terminate, the absurd, the unknown, etc. They can claim “a man of 172 c¢m is tall”
is neither true nor false, but indeterminate, absurd, etc. A third value — the indefi-
nite — is also present in the metalanguage of supervaluationism, a theory defended
by Fine (1975), Kamp and Keefe."’

Plurivaluationist logics include trivaluationism, the fuzzy logic defended by
Goguen and Machina, and Edgington’s probability-based logic. Except trivalua-
tionism, they adopt the continuum — an uncountable infinity of truth values — using
the real interval [0,1] as truth set. In it, O corresponds to total falsity and 1 to total
truth. They speak of degrees of truth — using the popular but different intuition of
percentages — to model the idea that statements can be truer or less true. Edgington
calls degrees verities. Smith argues for fuzzy degrees of truth combined with the
absence of a unique intended interpretation. While his semantics is identical to that
of fuzzy logic, he argues that strictly speaking there is no single correct interpreta-
tion, his being a fuzzy plurivaluationism. We note with |4| the truth value of 4,
especially in degree-theoretical treatments.

It was argued by authors such as Delia Graff that while Kripke semantics is a re-
spectable semantic device, the claim that truth comes in degrees, especially in the infin-
ity postulated by fuzzy logic is metaphysically dubious as applied to vagueness.”” But,
as shown by the experimental philosophy studies*', there are some intuitions that peo-
ple have according to which there are indeed intermediate truths. A better objection to
plurivaluationist logics consists in the difficulty to precisely choose the cardinality of
the truth set, since this makes a difference to the metalogical robustness of the logic.

press in our theoretical vocabulary, irrespective of our knowing how to decide them.” W.V. Quine,
“What price bivalence?,” Journal of Philosophy, vol. 78, nr. 2, 1981, p. 94.

19 Classical places for supervaluationism are Kit Fine, “Vagueness, truth and logic.”, Rosanna
Keefe, Theories of vagueness, Cambridge University Press, 2003., Achille C. Varzi, “Supervaluationism
and its logics,” Mind, vol. 116, nr. 463, 2007, Oxford University Press., J. Kamp, “Two theories about ad-
jectives,” in E. Keenan (ed.), Formal Semantics of Natural Language, Cambridge University Press, 2011.

20 “In the absence of some substantial philosophical account of what degrees of truth are, we
have no reason to accept that it should be both natural and common to mistake high degrees of truth
for the highest degree of truth, or to mistake a small difference in degree of truth for no difference in
degree of truth.” Delia Graft, “Shifting sands: an interest-relative theory of vagueness,” Philosophical
Topics, vol. 28, nr. 1, 2000, University of Arkansas Press, p. 10. The objection is defended against in
Nicholas J.J. Smith, Vagueness and degrees of truth, pp. 211-213.

21 See the review of experimental literature made by P. Egré, J. Zehr, “Are gaps preferred to
gluts? A closer look at borderline contradictions,” in Elena Castroviejo, Louise McNally, Galit W.
Sassoon (eds.), The semantics of gradability, vagueness, and scale structure, vol. 4, Berlin, Springer,
2018, pp. 27-31. In my reading, the rejection of LEM is more popular than rejection of non-
contradiction (NC) and that the latter never has a majority of speakers.
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First, as Williamson shows, the uncountable infinity of the real interval makes fuzzy
logic not sound and complete in the normal sense, but only if validity itself is taken to
be a matter of degree®, as we will see in section 4 below. But it can be so in a fuller
sense if instead of the real interval one were to use a finite large truth set. How are we
to decide? Williamson argues for the real interval by saying that human discrimination
limits are not a matter of logic.® This is true, but insufficient for the purpose. The
number of fundamental particles in the observable universe is finite’*, which is not a
problem of human discrimination and the universe itself may be finite.”> Therefore,
truth values may not need — even for a correspondence theory of fuzzy truth — to be in-
finite and uncountably so. Plurivaluationist logics are thus affected by a battle of intui-
tions regarding truth values. Once they abandon the classical truth set, there are no
good arguments to decide whether a three-valued, large finite, countably infinite or un-
countably infinite truth-set is best®, especially if weighted against the corresponding
metalogical limitations.

1.2. TRUTH VALUES IN A LATTICE AND DESIGNATED VALUES

Some philosophers of different persuasions agreed that having more than two
truth values offers flexibility in modelling natural language but wanted to avoid the
linearity of truth values. They are non-standard plurivaluationists, using lattice-based
semantics. Goguen founded fuzzy logic, but he also wanted to give a general plu-
rivaluationist framework of non-numerical degrees of truth, which should not re-
quire any two such degrees be directly comparable — either equal, higher or lower
than one another.”” Weatherson’s logic for truer intends all contradictions to be per-
fectly false and all classical truths to hold, while some sentences be truer than others,
which forces a similar setup.?® Zardini’s non-transitivism intended to limit the tran-
sitivity of the consequence relation and he writes that many different tolerant logics
can be supplemented with this limitation in his style. He thus chooses a lattice of
truth values in order to offer the non-transitivity of consequence to other lattice-based

22 Timothy Williamson, Vagueness, pp. 139-140.

23 Ibidem, p. 140.

24 See problem (6.8) in Barbara Ryden, Introduction to cosmology, Addison Wesley, 2003, p.
101. 108 is a limit to the number of baryons in the observable universe.

25 For a similar argument from strict finitism, see Feng Ye, Strict finitism and the logic of
mathematical applications, Dordrecht, Springer Netherlands, 2011, p. 17.

26 Tt was argued in Timothy Williamson, Vagueness, p. 290. (note 23) that using the countable
rationals instead of the uncountable reals makes quantifiers for a first-order fuzzy logic not well-
defined, because the set of rational numbers does not have the least-upper-bound property. This holds
only if definition by abstraction is allowed along the lines of A = {x € Q: (2*x)?<2} in the semantics.
If no such abstraction is necessary in modelling natural language reasoning, a rational set of truth val-
ues would work.

27 J.A. Goguen, “The logic of inexact concepts,” pp. 340341, 351.

28 Brian Weatherson, “True, truer, truest,” p. 14.
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logics, although Zardini strictly does not need the freedom afforded by lattices.*’
Technically, all three leave it open to interpretation which values of truth are out
there, within some constraints.*° Firstly, there should be some truth values, so the set
is specified as non-empty and for Weatherson, as containing at least two: absolute
truth and absolute falsity. Secondly, a partial ordering < is defined on the set, such
that any two values have a lower upper bound and a greatest lower bound — the set
forms a lattice with <. In this way, any values are comparable through some othet/s,
but not necessarily directly.

Some non-classical logicians also speak of designated values, a subset of the
truth values, which will be used to define validity in a way which is parallel to Tarski’s
classical definition of validity as truth-preservation. Working backwards, classical logic
has only the true as designated. Trivaluationists choose either the true (e.g. Tye) or the
true and the intermediate value (e.g. Halldén, Koérner) as designated. Zardini’s non-
transitivism only requires designated values to be specified, i.e. that there should be
one non-empty set of designated values, included in the truth-set.’’

1.3. FINE’S COMPATIBILISM

Fine recently abandoned the supervaluationism he helped ground in the 1970s
and proposes a new compatibilist semantics of predicate tolerance. He starts with a clas-
sical note: only truth is defined, namely those atomic sentences which hold in the present
situation (use for Fine). But whereas CPL allows understanding a negation as false
whenever the negated sentence is true and true otherwise, Fine defines negation model-
theoretically. It is true just in case the negated sentence is true at no situation accessible
from the current situation.*? The classical closure clause is missing: if a negation it is not
true, it does not mean that it is false for Fine. Since both the conditions for the truth of a
sentence and the conditions for the truth of its negation may not be fulfilled, there will be
three outcomes: truth of the sentence, falseness (truth of its negation) and neither (outside
the rules). In brief, Fine’s compatibilism properly has one truth state and two truth val-
ues as CPL does, but three truth outcomes as trivaluationism.*

29 Indeed, the point of tolerant logics goes through even for a fuzzy-like real interval of truth values.

30 Zardini claims that his many-valued theory is not about truth, but about a parallel quality of sentences
to be good for various purposes. In this way, validity is to be read as a relation about levels of goodness being
vouched for by other levels of goodness. Two objections can be raised. First, it is a distinction without a differ-
ence, since truth does not play a role in Zardini’s consequence. Secondly, assuming the same level of goodness
for sentences of different soritical predicates blocks a large part of reasoning for Zardini, certainly larger that
the Sorites paradox. This can only be justified if the levels of goodness correspond to how things are, being
truth values. For Zardini’s argument, see Elia Zardini, “A model of tolerance,” p. 10.

31 Ibidem, p. 7.

32 Kit Fine, “The possibility of vagueness,” p. 3707.

33 Compare Forbes’s analysis “compatibilist semantics isn’t a three-valued logic in the usual
sense.” Graeme Forbes, “Fine’s new semantics of vagueness,” in Mircea Dumitru (ed.), Metaphysics,
Meaning, and Modality: Themes from Kit Fine, Oxford University Press, 2020, p. 172.
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2. OPERATORS AND TRUTH-FUNCTIONALITY

CPL has sixteen possible binary operators corresponding to possible combi-
nations of true and false values for two sentences. Conjunction is true just in case
both conjuncts are true, negation is true just in case the negated sentence is false,
and the conditional is false just in case the antecedent is true and the consequent is
false. Thus, truth-functionality is the most straightforward approach to large-scale
compositionality of language. All sentences have truth values induced by a main
operator from the sentences it connects. Those sentences, if not atomic, have them-
selves a main operator and so on. Truth-functionality allows the inductive defini-
tion of truth for sentences of arbitrary length.

Most alternatives to CPL are truth-functional. They maintain classical behav-
ior if the values are classical — T/F in trivaluationism and supervaluationism, 1
and 0 in fuzzy logic, two values as members of the truth set in non-transitivism or
Goguen’s framework. They face, however, the need to decide the behavior of the
newly introduced values.

2.1. TRUTH-FUNCTIONALITY IN PLURIVALUATIONISM

Trivaluationism splits in two general directions. One may be called contagious,
such as with Frege and Halldén, for whom any operator applied to a sentence of the
intermediate value will also yield the intermediate, employing Kleene’s weak truth ta-
bles**. Even a disjunction of a true sentence with a sentence of intermediate value will
have the third value, corresponding to an intuition that the third value is the absurd.
The other trivaluationist direction, of Korner’s and Tye’s may be called charitable,
aiming to maximize the truth of compound sentences by employing Kleene’s strong
truth tables. A disjunction with a true disjunct is always true and a conjunction with a
false conjunct is always false, corresponding to an intuition that the third value is the
unknown. Both directions agree that operators connecting solely intermediate sentences
yield the intermediate, e.g. the negation of infermediate is intermediate. Of course,
there is a battle of intuitions regarding the third value between the two approaches,
since vagueness can be argued to be both absurdity and ignorance. But it is not unsolv-
able, since each side can express what the other is saying, by using another operator of
those available, so as to express it.

Fuzzy logic has even more truth values, and coincidentally many ways of defin-
ing truth-functional operators. Most theorists agree with Machina in using mostly
Lukasiewicz’s definitions. A conjunction takes the lowest degree of its conjuncts. A
disjunction takes the highest degree of its disjuncts. Negation takes 1 minus the degree
of the negated sentence. To accommodate the intuition that each soritical step in the
conditional Sorites is a little false and the small falsities can accumulate to a final full

34 Stephen Cole Kleene, Introduction to metamathematics, North-Holland. Amsterdam, 1952.
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falsity, the conditional takes 1 whenever the consequent is as true or truer than the an-
tecedent and the difference of their degrees of truth in all other cases. If the antecedent
has 0.8 and the consequent has 0.7, the conditional will have 0.9, but if the consequent
has 0.82, it will have 1. So, you can lose 0.01 truth from 0.99 to 0.98, 0.01 from 0.98 to
0.97 and so on, getting to 0 in small steps of 0.99 degree each, providing a popular ex-
planation of the conditional Sorites. The disadvantage is the non-equivalence of mo-
dus ponendo ponens — conditional elimination (mpp), modus ponendo tollens —
conjunctive syllogism (mpt), modus tollendo ponens — disjunctive syllogism (mip),
modus tollendo tollens (mtg). Namely, this definition of D breaks the link between 4 D
B, =(A A —B), 74V B and =B D —4 on which their equivalence stood. Thus, the intui-
tive fuzzy treatment of the conditional Sorites does not replicate with the other proposi-
tional soritical forms®®, leading to the objection that the paradox can be restated.

For this reason, Smith’s fuzzy plurivaluationism restores the classical link,
abandoning the attractive treatment of the conditional Sorites and justifying its appeal
by the intuitive character of tolerance, not by the high degree of truth of each soritical
step.’® Smith’s and standard fuzzy logic can also avoid a battle of intuitions with tri-
valuationism regarding the definition of operators by defining as many of them as nec-
essary. Williamson cites the fuzzy bivalent monadic operator J,, which results in 1 if
the sentence has degree 7, and 0 otherwise.’” Then there can be a — let us say — absurdi-
ty conjunction A * B which is 0.5 if J1A or J;B are 0, replicating Halldén’s behavior, 0
iff JoA and JoB are 1 and 1 otherwise (when both |A| and |B| are /).

It has been objected that truth-functionality for conjunction, disjunction and ne-
gation means that — under any plurivaluationism — general logical laws such as LEM
and noncontradiction (NC) are not perfectly true. The best trivaluationism can do is
have them at least intermediate, so not false. In a parallel way, fuzzy logic has them at
least of 0.5 degree. This was argued to be unacceptable by authors such as William-
son’®, Fine, Edgington and Weatherson, but defended by fuzzy theorists such as
Machina and Smith*. It can be shown*’ that both classical FOL and fuzzy logic can
supply weak and strong variants of LEM and NC, to partially capture what the other
side wants to express, so it is finally a matter of intuitive appeal, which tips the scale to
the advantage of classical logic since it is vastly more popular. This moderation is justi-
fied by the flexibility of fuzzy semantics, which is not the case, however, with the lat-
tice-based semantics of Goguen and Zardini. They have no way of saying that a
contradiction is indeed completely false, since absolute falsity is not defined.

35 Brian Weatherson, “True, truer, truest,” p. 11.

36 “In fact, we do not need the Lukasiewicz conditional. It is ironic that one of the few things
that most philosophers have found attractive about the standard fuzzy account is its resolution of the
Sorites—when in fact this resolution fails to solve the problem.” Nicholas J.J. Smith, Vagueness and
degrees of truth, pp. 265-268.

37 Timothy Williamson, Vagueness, p. 114.

38 Ibidem, pp. 118, 136. See echoes in Brian Weatherson, “True, truer, truest,” p. 2.

39 Kenton Machina, “Truth, belief and vagueness,” p. 185.

40 Marian Calborean, “The nature and logic of vagueness,” pp. 146-150.
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Finally, an influential divergence of opinions was raised by the standard defi-
nition of the degree of truth of a conjunction as the least of the degree of its con-
juncts: how is having half of two qualities having precisely half of their
combination, as most proponents of fuzzy logic argue? Structurally, many opera-
tions can play the role of generalizing set intersection to the fuzzy sets introduced
by Lofti Zadeh*'. Such sets can be read as specific sets of ordered triples <a, b, ¢>
such that a is the belonging element, b is the set and c is the degree of membership
out of [0,1]. So to have a property is to have a degree of membership in a class.
The intersection of two such sets should itself be a similarly fuzzy set, the question
is of what degree for elements in common. It is classical that if both conjuncts had
degree 1 (complete truth), it should be 1 and if one had 0 (complete falsity), it
should be 0. Many #-norms respect these conditions, among them the standard
fuzzy conjunction, the probabilistic product function above, but also Lukasiewicz’s
strong conjunction (the greatest of 0 and |4| + |B| - 1) which corresponds with the
collective difference from truth.*> The best reason for preferring the weak conjunc-
tion (JA A B| = least of |A|, |B|) is that it is easy to generalize to order theory, the
minimum function returning the greatest lower bound. In other words, we do not
need any other mathematics to compute it, except direct comparison of the truth
values, which can be argued to be logical. The conjunction of tallness of John and
baldness of John has one of their values, a property other t-norms do not have.

2.2. TRUTH-FUNCTIONALITY IN A LATTICE

Goguen’s framework, Zardini’s non-transitivism and Weatherson’s logic
for truer only specify some structural rules which make the operators roughly re-
semble classical operators. To illustrate, for all of them, negation should have a
truth value which is < than the negated sentence. This is quite little to say. Wil-
liamson’s criticism against Goguen’s structural constraints is that of abstractness
of framework. Those constraints fail at the task of proposing a logic to be evaluat-
ed and used. Williamson writes:

It is easy to specify the kind of structure that might be desirable for such a se-
mantics; the difficulty is in specifying a plausible instance of that structure.

Goguen’s general framework cannot work for negation, since not enough is
said about what it is for non-numerical degrees of truth to be the negation of each
other. Zardini faces Williamson’s objection as well, since he uses a lattice of truth

41L.A. Zadeh, “Fuzzy sets,” Information and Control, vol. 8, nr. 3, 1965, p. 339. J.A. Goguen,
“The logic of inexact concepts,” p. 340.

4 Radim Belohlavek, Joseph W. Dauben, George J. Klir, Fuzzy logic and mathematics - a his-
torical perspective, Oxford University Press, 2017, p. 48. Also, Petr Hajek, Metamathematics of fuzzy
logic, Kluwer Academic Publishers, 1998, pp. 37—40.

4 Timothy Williamson, Vagueness, p. 135.
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values, but without a way to identify one good negation. For example, we have
seen that there is a battle of intuitions regarding truth values inside plurivaluation-
ism, i.e. what is the cardinality of the truth set? The objection is that lattice-based
plurivaluationism does not escape these battles simply by omission: they should
propose a system to be contrasted with CPL and other alternatives to it, if they find
them wrong.

I think that Weatherson escapes this objection, since all his operators behave
classically (e.g. his negation is not only order-inverting but double negation is also
redundant) and his lattice of truth values has a minimum — i.e. the complete falsity
he attributes to all contradictions. That is a good reason to have a lattice of truth
values — to allow all contradictions be perfectly false without having only two truth
values. His negation has a stricter sense: it results in a truth value which is (down-
ward) connected with the value of the negated sentence only through the absolute
falsity which is posited to exist.

2.3. WEAKENING TRUTH-FUNCTIONALITY

Supervaluationism splits from trivaluationism for the reason above of
LEM not being perfectly true, choosing a definition of truth as truth across all
complete (and acceptable) precisifications, according to which LEM and NC are
perfectly true, as we will see in section 4 below. However, as Varzi writes:

Supervaluationism is not truth-functional; in particular, there is a difference
between super-falsifying a conjunction and super-falsifying at least one con-
junct, just as there is a difference between super-verifying a disjunction and
super-verifying at least one disjunct.**

This leads to a counter-intuitive semantics, best expressed by what Varzi
cites as the “objection from upper-case letters”, as Jamie Tappenden calls it: “You
say that <<either ¢ or y>> is true, so EITHER ¢ OR vy [stamp the foot, bang the
table] must be true”.*’

Fine’s compatibilism follows Kripke’s semantics for intuitionistic logic by
abandoning truth-functionality by half. The value of a compound sentence is still
determined by the values of its sub-sentences. But not only by such values at the
present situation, but also by their values at situations accessible from the present
situation, which themselves might depend on valuations at further inaccessible sit-
uations. The implication 4 © B will be true for Fine at a situation just in case (a) 4
A B is true at that situation or (b) at all situations accessible from it, B is true if A is
true.*® Now take =4 O B and remember that negation is true just in case no acces-
sible situation makes true the negated sentence. Then by (b), the value of 4 D B

4 Achille C. Varzi, “Supervaluationism and its logics,” p. 647.
4 Ibidem.
46 Kit Fine, “The possibility of vagueness,” p. 3708.



11 Paths through the fog: A comparative analysis of ten philosophical logics for vagueness 91

depends on all situations accessible from the current one, but by the definition of
truth of a negation, it depends in its turn on all situations connected to them, even if
not connected with the current one. Fine is the single author to take the relationship
between situations which he calls uses as fundamental, prior to falsity and operator
values. As we will see in section 3 below, his logic is one of agreement: you cannot
get a true negation if you accept other situations which take the negated sentence as
true. And you partially import their relationships with other situations as well when
accepting them. It is precisely Fine’s intent to do without some true negations,
since then, contradictions - i.e. paradox — cannot be obtained.

Finally, Edgington’s probabilistic logic of vagueness abandons truth-
functionality in favor of probabilistic structure. This is not to say that her verities —
degrees of truth — are not determinate. They are, but they must consider the relation
between the sentences to be connected. This allows Edgington to strictly enforce
predicate-ordering monotony (“If a man of n cm is tall, so is a man of n+1 cm”).
Even if a man of 170 cm is tall to a verity of 0.5, for Edgington the sentence “if a
man of 170 cm is tall, then a man of 171 cm is tall” should be completely true.
Were the antecedent to be true, the consequent would always follow. Thus, the
verity of a conjunction 4 A B is defined as the verity of B given 4, times the verity
of A. If A and B are independent, it is the verity of A times the verity of B. The ver-
ity of a conditional 4 D B is only discussed as ~(4 A —B).*” One difference with
fuzzy conjunction is that 4 A —4 is completely false, the second conjunct being im-
possible given the first. Another is that, if 4, B, C, D, E all sentences of independ-
ent probabilities of half-degree (0.5), then a conjunction of two 4 A B has degree
0.25, a conjunction of three 4 A B A C has 0.125, decreasing to 0.03125 for 4 A B
A C A D A E, in contrast to 0.5 under fuzzy conjunction. Both differences are con-
troversial. We discussed the first one at plurivaluationism above.

The second may be called the objection of probabilistic conjunction. 1t was
argued repeatedly that vagueness-based indecision seems to act fuzzily, not proba-
bilistically.48 The sentence “he is tall and he is bald”, written A A B, where the con-
juncts are independent and both have verity 0.5 should also have verity 0.5, not
0.25 as for Edgington. The intuition is that vagueness-relation indecision is about
reality, that the referent of “he” is truly half-tall and half-bald, so that it is half- (tall
and bald). It is clear that the probabilistic structure would hold only if the possible
states were only fully-bald and zero-bald: saying that he is bald one time in two
(0.5) and tall one time in two (0.5) is exposing the combinatory frequency, so he is
bald and tall in one in four. So, the objection is correct against Edgington, as long
as the same person is indeed half-bald and half-tall. However, these are not the on-
ly possible options. Common language, either vague or generic, allows two kinds

47 Dorothy Edgington, “Vagueness by degrees,” p. 309.
4 John MacFarlane, “Fuzzy epistemicism,” in Richard Dietz, Sebastiano Moruzzi (eds.), Cuts
and Clouds: Vagueness, its Nature, and Its Logic, Oxford University Press, 2009, pp. 210-211.
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of readings of “humans are tall”. The first is the classical ¥x. Hx D Tx, while the
second is, for example, the statistically quantified J-o/1001, m) X . Tx*’, reading " At
least 90% of humans of which there are no more than m are tall”. Therefore, a sta-
tistical conjunction would apply to the second reading: if at least 90% of humans
are tall and at least 90% of humans are bald, then at least 81% of humans are tall
and bald: 3-g1/1000, m) X . Tx A Bx. Statistics is not probability theory, so the objec-
tion against Edgington would not apply to such a product, since John himself is ei-
ther tall or short, not 0.81 probable to be so.

3. SEMANTICS

In CPL, interpretations are simple in the sense that they contain nothing be-
yond one truth value for each atomic formula. By truth-functionality, all sentences
are true or false. This corresponds to a strong realism about truth. All shading
needs to be discarded and all that is both necessary and sufficient for truth is truth,
a condition closely related to Tarski’s material adequacy”’. In this sense, trivalua-
tionism (with the exception of Tye), fuzzy logic, Goguen’s framework and
Zardini’s non-transitivism have simple Tarski-like semantics as well.

3.1. SUPERVALUATIONISM AND ITS FRIENDS

The best-known extension to classical model-theoretical semantics is Kripke se-
mantics for modal logic. A frame is defined such that it contains a set of points called
worlds (out of which one may be designated as the actual world) and an accessibility
relation between them, saying which of the worlds are accessible from each world. In
supervaluationism, the frame is usually called “precisification space” and each world
“precisification”, with a root interpretation that can access all others. Then, each preci-
sification receives a trivaluationist interpretation except complete precisifications which
are classical. If a precisification accesses another, the latter maintains all definite (T, F)
values of the former and they all implement what Fine (1975) calls penumbral connec-
tions: both predicate-ordering monotony (“if a man of n cm is tall, so is a man of n+1
cm”) and all theorems of CPL.>! In Kripke semantics, necessity of a sentence at some
world is defined as that sentence being true in all the worlds accessible from the respec-

tive world. The necessity operator O is used to define the possibility operator < as “not

4 Predicate logic with identity can express that there is a maximum number of humans. Then
we can descend from m to 1, one at a time, affirming at each step that if there are so many humans,
the bounded formula holds for at least that intermediate number divided by two. A long disjunction of
all such steps is equivalent to saying that the bounded formula holds for most humans.

30 Alfred Tarski, “The Concept of truth in formalized languages,” in J. Corcoran (ed.), Logic,
Semantics, Metamathematics, Indianapolis, Hackett, 1983, pp. 187—188.

S1Kit Fine, “Vagueness, truth and logic,” p. 276.
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necessarily not” — not impossible. Now, supervaluationism added a third indetermi-
nate truth value compared to CPL but wants to keep LEM. Then a precisification space
will contain all the acceptable resolutions of the intermediate sentences from the root
interpretation. Thus, for a soritical series for tall from 170 cm to 190 cm, there is a
complete precisification where 170 cm is the absolute border between fal/l and short,
another where 171 c¢m is, another where 171.1 cm is and so on*”. Supervaluationists
are thus able to introduce a Definitely operator corresponding to the necessity operator
ranging over all complete precisifications of the root interpretation. And define super-
truth as truth in all complete precisifications. LEM is then supertrue because all com-
plete precisifications are classical. We will discuss the iteration of the Definitely
operator in 4.3 below.

Weatherson’s semantics of fruer is similar to supervaluationism, starting
from a weak normal modal logic KT, where the single restriction is reflexivity (04
> 4).” He modifies however the formation rules so that O can only be introduced
to conditionals (if ‘4 D B’ is well-formed, so is ‘0(4 D B)’). This allows him to
add a substitution rule such that ‘0(4 D B)’ can be rewritten ‘B >r 4’ , read ‘B is
truer than A’, including inside sentences. But since any sentence A is classically
equivalent with (4 D 4) D 4, ‘0((4 D A) D A)’ rewritten ‘4 >1 (4 D A)’ behaves
as O4 did, suggesting that his logic is not less expressive than classical KT.*
Weatherson then proceeds to build maximal consistent sets (i.e. sets of sentences
such that they are closed under modus ponens, contain all theorems, and one of any
sentence or its negation) for his logic of >1, by using this substitution rule on the
maximal consistent sets from the canonical model of KT. Finally, he says English
is one of these maximal consistent sets, not specifying exact which.” If, for super-
valuationism, the iteration of the necessity operator (read “Definitely””) corre-
sponds to different ways, sets of ways, sets of sets of ways, etc. to precisify a vague
language™, for Weatherson, the truer operator is fundamental, English being such
that is contains sentences of infinitely many iterations — a maximal consistent set of
the canonical model.

3.2. COUNTER-INTUITIVE SEMANTICS

Fine’s recent compatibilism puts Kripke semantics to a radically different
use. His frame of situations (he calls them “uses”) is linked by a symmetric, reflex-

32 1t was argued that supervaluationism is mistaken because unsharpenable vague predicates
(i.e. without a complete precisification) can be found. John Collins, Achille C. Varzi, “Unsharpenable
vagueness,” Philosophical Topics, vol. 28, nr. 1, 2000.

33 Brian Weatherson, “True, truer, truest,” p. 8.

34 Ibidem.

33 Ibidem, p. 10.

%6 Kit Fine, “Vagueness, truth and logic,” pp. 292-293.
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ive, but not transitive, relation. As mentioned, he takes truth of sentences in differ-
ent situations as elementary. But he takes a negation as true just in case the negated
sentence is true at no situations accessible from the current one. This means that if
a situation where A4 is not true sees another where 4 is true, —4 being true does not
obtain. Does this mean that —A4 is then false? Not necessarily, because the present
situation can see another where —A4 holds, therefore it cannot get =——4. On the oth-
er hand, 4 A B is true at a situation just in case 4 is true and B is true at that situa-
tion. Therefore, =(4 A —A4) (NC) will be true at all situations, since at no situation 4
A —A will be true, that in its turn since if a situation has A4 true, it cannot have — by
reflexivity of accessibility — —A also true®’. What Fine is really modelling is an
agreement environment where everyone can have their positive opinion®®, but no
one will deny anything if anyone with which they connect has it as positive opin-
ion. In the real world, this would result in moral hazard. One can get accepted by as
many others as possible and adopt as many opinions as possible. Because of a first
mover’s advantage, situations with the most own truths influence the values of oth-
er situations the most. Fine’s compatibilism would allow a model where two mu-
tually accessible situations divide propositional letters, each corresponding
sentence being true at only one of them. In that case, all negations of atomic sen-
tences will be indeterminate in the entire frame. The relative symmetry of steps in a
soritical series, such as they all count equally, is not captured by Fine’s construc-
tion, justifying the objection of counter-intuitive semantics.

For Edgington’s probabilistic theory, there are two ways of providing a seman-
tics. One way is her suggestion to use the interpretations of supervaluationism> and
count the proportion of precisifications having A true in which B is also true in order to
determine the probability of B given A. This extends the proposal of Kamp® to define
supervaluational degrees of truth and the logic of adjectival comparatives and superla-
tives. Its upshot is that ZFC allows the introduction of a cardinality comparison be-
tween the sets of precisifications in which particular sentences hold. Then, some
sentences are said to hold in more interpretations than others. Edgington does not see
this variant of providing an interpretation as more than a “heuristic device*®', with
good reason. Using supervaluationist structure seems unmotivated if the rest of the
supervaluational apparatus is discarded: how can precisifications be requested to be
classical extensions of a root interpretation if the root interpretation does not have a
third, indeterminate, value to eliminate? The other way to understand Edgington’s

57 This characteristic of his conjunction helps avoid Fine’s previous argument that vagueness is
impossible, from Kit Fine, “The impossibility of vagueness,” Philosophical Perspectives, vol. 22,
2008, Philosophy of Language.

8 For the application of the semantics to disagreement, see Kit Fine, “The possibility of
vagueness,” p. 3720.

% Dorothy Edgington, “Vagueness by degrees,” p. 315.

60 As first elaborated in J. Kamp, “Two theories about adjectives,” pp. 137-139.

¢! Dorothy Edgington, “Vagueness by degrees,” p. 315.
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theory is to use the set-theoretical developments of probability theory that deal with
the probability of propositions. Therein, not all propositions have probabilities, which
is incompatible with Edgington’s theory that should assume that given any proposition
A, there is an independent probability of 4. It seems like Edgington’s theory cannot
have anything but counter-intuitive semantics. Finally, defining the conditional
through probabilities such as |B given A| as suggested by Edgington raises the prospect
of a radically different deduction system, as that of conditional probability logic, of
much lower reliability than classical modus ponens or tollens.®*

Smith calls his position fuzzy plurivaluationism, to distinguish it from the
standard fuzzy treatment of vagueness as found for example at Machina. Besides
rejecting non-equivalence of mpp, mpt, mtp, mtt and introducing a classical con-
sequence relation, as we will see in 4.1 below, he wants to meet the classical objec-
tion to fuzzy logic that it introduces an artificial precision. As formulated by
Keefe, it is that:

In so far as a degree theory avoids determinacy over whether a is F, the objection
here is that is does so by enforcing determinacy over the degree to which a is F.%

Now, what the objection is based on is that the essence of being indetermi-
nate is not having any precision, while degrees of truth are a precise device. This
can be answered partially by saying that the fuzzy real interval is just a model of
the real situation, and the idea of indeterminateness is captured by intermediate
truth values diverging from perfect truth (1) and falsity (0). Smith thus says that the
objection is really aimed at the determination of the precise intermediate degree,
not the very fact that it is intermediate or numerical.** He further identifies the for-
mal device of the intended interpretation as causing the trouble: “there is no fact of
the matter concerning which fuzzy interpretation of a given vague discourse is the
unique intended one”.®> His position is, then, that a natural discourse has many
possible interpretations, all subject to reasonable constraints paralleling Fine’s su-
pervaluationist penumbral connections. However, he refuses to aggregate all ac-
ceptable interpretations in a single superinterpretation:

Unlike in the supervaluationist picture, the language is not in a unique (higher-
order) semantic state. Semantic states are individuated by interpretations, and
there are many of them.%

So, the rejection of artificial precision is in refusing to choose an interpreta-
tion, not semantics. Is this tenable? But the constraints on the interpretations are

2 Niki Pfeifer, Gernot Kleiter, “Inference in conditional probability logic,” Kybernetika, vol.
42, nr. 4, 2006, pp. 397-398.

3 Rosanna Keefe, Theories of vagueness, p. 113. It is discussed in Nicholas J.J. Smith, Vague-
ness and degrees of truth, pp. 277-278.

% Nicholas J.J. Smith, Vagueness and degrees of truth, p. 279.

65 Ibidem, p. 284.

% Ibidem, p. 287.
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semantic, because they describe which interpretations are acceptable or not. And it
would seem like some statements have a minimum or equal degree of truth in all
acceptable interpretations, and it seems quite little to say of them only, as Smith
writes, that

if a sentence has a certain degree of truth, say 0.3, on every acceptable interpretation,
then we can talk as if there is just one intended interpretation, on which the sentence
is 0.3 true.®’

We not only can talk, but the formal apparatus for describing them as unani-
mous is readily available. Once more than one interpretation is available, we can
count the number of acceptable interpretations on which the statements has that de-
gree of truth and, if computed, the problem of artificial precision is reintroduced.
This justifies an objection to Smith as having a counter-intuitive semantics.

3.3. EPISTEMICISM AND EPISTEMIC LOGIC

Williamson’s epistemicism is the best-known variant of epistemicism, the
theory that natural-language predicates have definite borders, but they are unknown.
By “border” we understand a single number of cm separating all short from tall peo-
ple, a single number of hairs separating all bald from hirsute people and so on. Thus,
epistemicism defends both classical logic and predicate-ordering monotony. For
this reason, it is confronted with the question of why we do not know such borders:
the number of cm separating tall and short people, the number of hairs separating
bald and hirsute people, etc. Williamson answers that ignorance is justified by mar-
gins of error, explained through epistemic logic. His first thesis is the failure of the
KK principle, that is, the transitivity of knowledge. We can know something without
knowing that we know it. In epistemic logic using K as necessity operator: Ka W
KKa. The second thesis is that it is mandatory to restrain judgment — refuse predica-
tion — in cases where we do not know that we know their respective truth or falsity.
In a Sorites paradox from 190 cm to 160 cm for tall, we affirm that a man of 190 cm
is tall because we know that we know that. And similarly for 189 cm. But, say, at
184 cm, we do not know that we know the corresponding statement, so we refuse to
either affirm or deny it. That can happen even though a man of 184 c¢m is tall in any
case, if we do not know that we know it. The difference between truth and truth
known as known is a margin of error. It is reasonable, Williamson says, as a kind of
epistemic insurance. He gives the example of a stadium full of people.®® We should
not deny that there is a precise number of spectators in it, but saying which number it
is at any moment is impossible. We know that the number is not 100. We say that it
is not 100 because we have independent justification to know the fact that our opin-

o7 Ibidem.
% Timothy Williamson, Vagueness, pp. 217-226.
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ion that it is not 100 is well-founded. We have previously seen similar situations and
counted the people in them, such that any opinion according to which the number is
not 100 is knowledge. The same cannot be said for 65,012. We may believe it and
maybe it is true, i.e. the number of spectators is 65,012, but we do not have reasons
to believe that our belief is knowledge.® Then, since we do not know that we know
that there are 65,012 spectators, we should stop expressing an opinion either way.
The epistemic logic in which Williamson builds his explanation of ignorance is the
normal modal logic KT.”

However, it was objected to epistemicism that ignorance about such precise
borders is unbelievable: it seems like there is no fact of the matter of which to be
knowledgeable about. Cian Dorr objects that epistemicism conflates unknowability
and ignorance.”' Therefore, it is important to note that a defense of classical logic
tout court, abandoning predicate-ordering monotony has no need to appeal to
margins of errors or ignorance, as Williamson does. That is because classical logic
only requires any particular man be tall or not, not that there should be any single
number of cm separating tall men from short men, nor any conceptual border to be
knowledgeable or ignorant about. Note that the number of cm is usually formalized
as a binary predicate while “tall” is a monadic predicate, there is no logical necessi-
ty governing their behavior together.

4. TRUTH, VALIDITY AND THE SORITES PARADOX

ZFC is standardly used to speak of the truth of FOL through an inductive defini-
tion of truth, as in section 3 above. And, in FOL, the consequence is the relation be-
tween the (possibly empty) premises and the conclusion, such that in all interpretations,
the former cannot be all true without the latter being true as well. An argument is valid
just in case its conclusions are a consequence of its premises. A formula is valid just in
case it is a consequence of the empty set of premises. Truth also has the disquotational
property which allows the removal of quotation marks. ““Snow is white’ is true just in
case snow is white”. It connects language and metalanguage, easily visible by replac-
ing the left side with the translation of the phrase in French. There is a second property
of quotation marks, that of connecting meaning and assertion in indirect speech. For
example, Frege did not use quotation marks, but his early theory of judgeable content
was based on the affirmation of a conceptual content as a logical act, denoted by the

% This incidentally vies well with some justifications for plurivaluationism where degrees of belief
are not distinguished from truth-values: “What actually happens is that we become less and less convinced
of men's shortness as their height gradually increases” J.A. Goguen, “The logic of inexact concepts,” p. 330.

70 Timothy Williamson, Vagueness, p. 272.

7! Cian Dorr, “Vagueness without ignorance,” Philosophical Perspectives, vol. 17,2003, p. 105.
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Judgement vertical stroke’” as distinct from the horizontal (content) stroke. The content
was put forward as true. This sense is the one that allows propositional contents to be
embedded in indirect speech records as objects of belief, thought, consideration, etc.
Affirming “snow is white” is affirming that snow is white”®. Let us call this property
that of truth assertion.

4.1. PLURIVALUATIONISM

Edgington’s probability-based theory, trivaluationism and fuzzy logic,
both classical and in Smith’s variant, have metalogical constructions in which the
disquotational property holds. These constructions are homophonic, so called be-
cause they duplicate in the metalanguage the phenomenon of the object language.
As Edgington puts it:

There is no reason to deny the equivalence of ‘It is true that A’ and ‘A’, or of
‘It is false that A’ and ‘“—~A’. If v(A) = 0.5, v(It is true that A) = 0.5 [...]. Paral-
lel claims can be made if we prefer to treat ‘true’ as a metalinguistic predi-
cate.”

However, plurivaluationism is committed to indeterminate truth assertion.
If a sentence is half-true, the removal of quotation marks does not indicate it is
half-true. Unlike in the classical picture, affirming that something holds does not
commit one to affirming its truth. Suppose your utterance corresponds to a 0.5
degree-sentence, should we take you as affirming that is perfectly true or half-
true? To escape this objection, Smith introduces degrees of belief that behave in
some contexts probabilistically, for uncertainty-based situations and fuzzily, for
vagueness-based situations, being able to be combined for situations where both
are presen‘[.75

A separate problem for trivaluationism is that the third value is meant to
give account of those sentences that are not true and not false. In a Sorites paradox,

2 Gottlob Frege, “Begriffsschrift, eine der arithmetischen nachgebildete Formelsprache des
reinen Denkens,” in Jean van Heijenoort (ed.), From Frege to Godel: a source book in mathematical
logic, 1879-1931, Harvard University Press, 2002, p. 11.

3 Frege writes “Mr. Peano has no such sign [...] From this it follows that for Mr. Peano it is
impossible to write down a sentence which does not occur as part of another sentence without putting
it forward as true”

Gottlob Frege, Collected papers on mathematics, logic, and philosophy, translated by Max
Black, edited by Brian McGuinness, B. Blackwell, 1984, p. 247. The passage is discussed in Nicholas
J. J. Smith, “Frege’s judgement stroke and the conception of logic as the study of inference not con-
sequence,” Philosophy Compass, vol. 4, nr. 4, 2009.

74 Dorothy Edgington, “Vagueness by degrees,” p. 310.

75 This distinction is discussed at length in Steven Schiffer, The things we mean, Oxford Uni-
versity Press, 2003, pp. 204—213. Smith’s solution is in Nicholas J.J. Smith, Vagueness and degrees
of truth, pp. 233-240.
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some step predications in the middle are to be intermediate, neither tall nor false.
Say, all men above 185 cm are tall, all those below 170 cm are short and those be-
tween 170 and 185 cm are neither tall nor short. But which value can give account
of those sentences that are not true, not intermediate and not false? Because a So-
rites paradox could be built from 185 to 185.1 ¢cm using a soritical step of 0.001
cm, where it would seem a new — second-order — intermediate value is required.
The general problem is called higher-order vagueness: it seems like the motivation
for the introduction of a third value just as strongly supports the introduction of a
fourth, fifth, sixth and so on. Tye is the single trivaluationist with a coherent re-
ply, in a way which is Fregean in spirit. He affirms that all sentences, no matter
how slightly intermediate, are indeterminate and any statement about their inde-
terminacy is also indeterminate.”® This means that the sentence “there is a truth
value that is not true, false or intermediate” is itself intermediate. This is however
difficult to accept, because it implies the indeterminacy of metalogical and philo-
sophical statements about the intermediate truth value. For example, even set
membership is indeterminate for Tye who does not use fuzzy sets but sets for
which it is an indeterminate manner whether an element belongs to them or not’’, a
very counter-intuitive semantics.

Of course, fuzzy logic responds to the challenge of higher-order vagueness
by positing an infinity of truth values between any distinct two values, which al-
lowed the gradual treatment of the conditional Sorites described in section 3 above.
It is then objected that the precision of the assignment of say 0.776 is incompatible
with it being second-order indefinite. Smith’s reply is to distinguish the problem of
artificial precision, which we have discussed in 3.2 above from the question of in-
determinateness, noting that there are no borders:

while we may distinguish borderline cases of ‘bald’ (say) from objects as-
signed 0 or 1 by the fuzzy set of bald things, we do not get boundaries between
the clear cases and the borderline cases, and the clear countercases and the
borderline cases.”

However, fuzzy theorists disagree on whether the Sorites paradox is valid or
not, just as trivaluationists do. As Williamson argued”, plurivaluationism has
three ways of dealing with validity. Firstly, as the preservation of designated val-
ues. For example, trivaluationists such as Halldén and Korner take also the in-
termediate value as designated, such that all classical formulas® will be valid i.e.
the conclusion will not be false provided the premises are not false. The disad-

76 Michael Tye, “Sorites paradoxes and the semantics of vagueness,” pp. 285, 292.
77 Ibidem, pp. 283-284.

78 Nicholas J.J. Smith, Vagueness and degrees of truth, pp. 310-311.

7 Timothy Williamson, Vagueness, p. 102.

80 Ibidem, pp. 102—110.
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vantage is that modus ponens would be invalid. Williamson’s example is ‘p D q’
and ‘p’ where p is intermediate and q is false: designated-value premises have a
false i.e. undesignated conclusion. Tye being coherent with his interdiction of
speaking about the third value, he defines validity without taking it into account.
He takes only the true as designated, as Lukasiewicz did in his introduction of
three-valued logics®!, resulting in a logic in which most classical formulas are inva-
lid, as for example LEM (4 V —4 is intermediate when A4 is intermediate). Second-
ly, in the case of fuzzy logic, a more natural option is to make validity a matter of
degree itself, as Machina proposes:

rather than a notion of tautology, I propose we use a notion of a minimally
n-valued formula: a formula is minimally n-valued iff it can never have a value
less than 7. [...] this notion can be generalized to the notion of the degree of
truth-preservation possessed by an argument form.%?

For example, define the degree of validity as the difference between the truth
value of the conclusion and that of the lowest of the premises. In this case, the so-
ritical steps can be 0.99 valid, corresponding to the 0.99 degree of the conditional
defined as above. As Machina observes, this keeps the classical parallelism be-
tween the truth-functional definition of O (in Lukasiewicz fuzzy definition) and the
consequence relation. Finally, validity tout court is defined by Machina as the
conclusion having a truth value equal or higher than the lowest of the premises®. In
this case even an argument from premises of 0.1 degree to a 0.1 conclusion would
be valid. The obvious objection is that it allows too much bad reasoning, as in the
example counting as purely valid. The second is that this validity is not classical,
for example if |A] is 0.5, |B] is 0.1, |A © B| will be 0.4. So, a modus ponens of 4 D
B; A + B will not be valid, since the conclusion has a degree of 0.1 but the lowest
of the premises has 0.4.

Smith avoids all disadvantages above by combining the variants to give a
definition of validity for his fuzzy plurivaluationism which is classical. For him,
an argument is valid just in case the conclusion is at least 0.5 true whenever all
premises are strictly above 0.5 true.** That threshold is justified as separating val-
ues which are good for reasoning as premises from those good enough for conclu-
sions and yields a classical consequence relation, for example in the modus ponens
example above. As in CPL, the standard Sorites from 200 ¢cm to 100 cm for fall
would be valid but unsound, since some of the premises are less than 0.5 true. For
example, predicate-ordering monotony motivates all versions of plurivaluationism

81 J. Lukasiewicz, “On three-valued logic,” in L. Borkowski (ed.), Selected works by Jan
Lukasiewicz, Amsterdam, North—Holland, 1970, pp. 87—88.

82 Kenton Machina, “Truth, belief and vagueness,” p. 197.

83 Ibidem.

84 Nicholas J.J. Smith, Vagueness and degrees of truth, pp. 222-224.
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to take people at middle heights such as 165-175 cm as having intermediate de-
grees of tallness.®> This means that some men will be tall to a degree less than 0.5,
so any soritical step in which they feature will also have a degree of less than 0.5
by Smith’s definitions.

Edgington’s theory allows valid arguments with false conclusions, provided
that the sum of the unverities (an unverity is 1 minus the verity) is higher than 1.%
For her, a valid argument is one in which the premise does not go further from
truth than the sum of the differences from truth of the premises. But this is far from
the classical picture, and it can be objected that Edgington allows too much bad
reasoning. She gets a definition of the Sorites paradox as valid, at the price of say-
ing that an argument from two premises of 0.5 degree to a completely false conclu-
sion is valid. Validity is about rigor in handling truth, and an argument with partly
true premises and a false conclusion is not rigorous.

Moreover, just like the standard fuzzy theory of the conditional Sorites para-
dox, Edgington’s approach to the Sorites paradox is vulnerable to Weatherson’s
discrete terms paradox.’’ Indeed, their assumption is that a credible Sorites para-
dox needs a large number of steps, so that small, barely noticeable deviations from
full truth accumulate to falsity.*® But an intuitive Sorites paradox on few children
can be played on one, two, three and four children. It is intuitive that one child is
few and four are not, and the four steps are too few for small untruths to accumu-
late. I submit that such discrete terms tell in favor of vagueness as a statistical phe-
nomenon: some groups of two children are of few children and some are not of few
children, depending on their relationship, socio-economic milieu, convergence with
parents’ wishes, and so on. Were Edgington to abandon predicate-ordering mo-
notony, her probabilistic degrees could be defined in classical FOL as the propor-
tion of few to non-few groups of children at each rank i.e. number of children.
Then classical reasoning would apply to such proportions, while having LEM and
NC true, as she wants.

85 Keefe objects that this parallelism between heights and fuzzy truth values show the latter to
be unnecessary and unmotivated devices. Rosanna Keefe, Theories of vagueness, p. 134. Smith con-
vincingly replies that degrees of truth can be taken as the range of a function that is distinct, yet mo-
notonous with height. Nicholas J.J. Smith, Vagueness and degrees of truth, pp. 216-217.

86 Dorothy Edgington, “Vagueness by degrees,” p. 303.

87 Brian Weatherson, “Vagueness as indeterminacy,” in Richard Dietz, Sebastiano Moruzzi
(eds.), Cuts and Clouds: Vagueness, its Nature and its Logic, Oxford University Press, 2010, p. 4.

8 For example Goguen: “this phenomenon corresponds to our feeling that the deductive pro-
cess [...] is 'fairly valid' for x and y of similar height, but becomes less and less valid as the number of
applications of modus ponens increases.” J.A. Goguen, “The logic of inexact concepts,” p. 335.
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4.2. ZARDINI’S NON-TRANSITIVISM

Smith’s distinction between inference-grade and conclusion-grade sentences®
is also the essence of Zardini’s non-transitivism, allowing him to redefine the con-
sequence relation to be non-transitive. For him, there is a function which will have
one designated value (becoming semantic entailment) just in case the truth value of
the consequent is tolerated by the truth value of the antecedent. By constraint, each
truth value tolerates itself and its tolerated values form an upset under <.”° In this
way, in a Sorites paradox from 190 cm to 160 cm, the value of the statement that “a
man of 190 cm is tall” may tolerate the value associated to “a man of 180 cm is tall”,
but not that of ““a man of 179 cm is tall”. The statement that “a man of 189 cm is tall”
may then tolerate the value of “a man of 179 cm is tall” but not that of “a man of 178
cm is tall”. Consequence is not transitive, although it is transitive on narrow spans.
Semantic entailment will be used to define the conditional, making a conditional be-
tween the first sentence and any sentence of tolerated values have a designated value.
Therefore, Smith and Zardini have a functionally intermediate status of sentences.
They behave classically as conclusions but cannot be used as premises. For Zardini,
this distinction can be attacked as being a limitation which is avoidable, because the
paradox can be restated. As Williamson argues®', as long as something is accepted
as conclusion, it is reasonable to start a new argument with it, independently of the
previous one.

4.3. SUPERVALUATIONISM AND WEATHERSON’S LOGIC OF TRUER

Supervaluationism is “classical at a remove”.’ For it, a sentence is true just if su-
pertrue — true in all acceptable complete precisifications. Thus, intermediate heights gen-
erate indeterminate propositions, say A: “a man of 178 cm is tall”. But in all complete
precisifications, either 4 holds or not, so 4 V —4 is true, without 4 or —4 being true i.e.
supertrue. Therefore, supervaluationism validates all classical theorems, since all com-
plete precisifications are classical. But, as Williamson objected, it is lacking the disquo-
tational property. from the fact that A V —A is true one can infer A or —A. But from that
we cannot infer that ‘A’ is supertrue or ‘“~A’ is superfalse”. As for validity, there are two
main ways of defining validity in supervaluationism. The first is global validity, called
by Varzi variant A (“An argument is valid iff, necessarily, if every premise is: T on all
precisifications, then some conclusion is: T on all precisifications”), which is preservation

8 Nicholas J.J. Smith, Vagueness and degrees of truth, p. 223.

%0 Elia Zardini, “A model of tolerance,” pp. 6-7.

! Timothy Williamson, “Alternative logics and applied mathematics,” Philosophical Issues,
vol. 28, nr. 1, 2018, pp. 412-413.

92 Kit Fine, “Vagueness, truth and logic,” p. 278.

%3 Timothy Williamson, Vagueness, p. 162.
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of supertruth. The second is local validity, called by Varzi a (“An argument is valid iff,
necessarily, on all precisifications: if every premise is T, then some conclusion is T”),
which is preservation of truth.** But since supervaluationism is built around supertruth,
Williamson argued it should use global validity i.e. preservation of supertruth. However,
using global validity leads supervaluationism to blocking inference rules such as condi-
tional proof, reduction at absurdum where premises contain the Definitely operator.’®
Keefe maintains global validity but proposes some replacements including inside sen-
tences’® whose status as inference versus heuristic rules are unclear.”” Therefore, super-
valuationism in its most popular definition of validity (i.e. global) partially does not keep
CPL theorems and rules. 1t also blocks higher-order vagueness®®, because the iteration
of the Definitely operator can be replaced with a transitive Definitely* operator which
seems to draw a hard border between definite* statements and any other.”” In contrast,
Varzi’s reply to Williamson is that it is fair when dealing with a vague language to check
whether indeterminate premises lead to true conclusions (hereby supertruth playing no
role), as it is for a set of perfectly precise interpretations where truth is supertruth.'®
Therefore, Varzi argues for adopting local validity (while accepting the lacking of the
disquotational property) for supervaluationism.

To compare, Weatherson’s logic of truer takes some argument as valid just if
the premises taken collectively cannot be truer than the conclusion. What this means is
that he isolates all models for >t such that the conclusion is >t than the greatest lower
bound of the premises (premises taken as a conjunction). Note that the glb of the prem-
ises exists axiomatically, since there exists an absolute minimum in the truth set: the
false value. He affirms that the constraints of his logic define a ”Boolean lattice over
equivalence classes of sentences with respect to ='"', Boolean algebras being models
for classical logic, including classical inference rules which supervaluationism aban-
dons. However, one should note that this classicality only holds for language fragments
not containing Weatherson’s >, his logic containing more valid sequents than CPL

otherwise (stemming from his definition of >r from implication plus necessity)'*>.

%4 Achille C. Varzi, “Supervaluationism and its logics,” pp. 643-646.

%5 Timothy Williamson, Vagueness, pp. 149-151.

% Rosanna Keefe, Theories of vagueness, pp. 179-180.

7 Achille C. Varzi, “Supervaluationism and its logics,” pp. 656-657.

% “Can one save A-validity by making sense of the idea that all vagueness is in fact first-
order? To most people, this would just be biting the bullet”. Ibidem, p. 659.

9 Williamson "Define ‘Definitely* A’ to mean the infinite conjunction: A and definitely A
and definitely definitely A and . . . . The definition guarantees that if definitely* A then definitely def-
initely* A and indeed definitely* definitely* A" , Timothy Williamson, Vagueness, p. 160. Varzi
agrees with the argument, Achille C. Varzi, “Supervaluationism and its logics,” p. 658.

100 Achille C. Varzi, “Supervaluationism and its logics,” p. 646. Smith goes with Williamson
“It should be obvious that the latter definition in fact has no plausibility at all” Nicholas J.J. Smith,
Vagueness and degrees of truth, p. 82.

101 Brian Weatherson, “True, truer, truest,” p. 7.

192 1hidem.



104 Marian Calborean 24

This seems a partial improvement over supervaluationism, but it can be argued that at
least partially, his logic does not keep CPL theorems and rules. What tells in favor of
Weatherson’s logic is his treatment of the Sorites paradox. For supervaluationism,
the Sorites paradox is a manifestation of our indecision concerning intermediate cases,
each soritical step which is not true being false in at least one complete acceptable in-
terpretation. I take Weatherson to say that the Sorites paradox is the accidental listing
together of many strict affirming-the-consequent fallacies: sentences which are truer
than others (i.e. because they are strictly implied by them in any interpretation where
the latter are true) are said to imply them. Thus, (a) “a man of 180 cm is tall” is for
Weatherson truer than (b) “a man of 179 cm is tall”, because it seems that the latter
cannot hold without the former in all interpretations — what we called predicate-
ordering monotony. But the Sorites paradox says that the latter holds if the former
does in a typical soritical step (“If a man of 180 c¢m is tall, so is a man of 179 ¢cm”),
which reverses the implication. Thus, truer sentences imply less true sentences in a
chain. This explanation is somewhat similar to that given by the fuzzy treatment of
conditional Sorites paradox — small differences accumulating — but it is obtained with
the weapons of supervaluationism.'” In contrast to the fuzzy treatment, Weatherson
cannot analyze “almost true”'®, so we rely on a partial ordering to understand the
graduality of the soritical steps. Under supervaluationism “there is a single number of
cm separating all tall men from all short men” is supertrue, since all complete precisifi-
cations are classical and they all respect penumbral truths, i.e. predicate-ordering mo-
notony. Under Weatherson’s theory, I take it that many soritical steps may be not true.

4.4. FINE’S COMPATIBILISM

Fine’s recent compatibilism defines validity classically, as truth-preservation in
all interpretations. ' As mentioned, the truth valuations are also classical, for each sit-
uation a sentence is true if it is assigned truth by the valuation function for the situation.
But since negation and the conditional depend on all other accessible situations (under
the reflexive symmetric relationship connecting Fine’s situations called “uses”), the
logic will be very different, since most classical inferences involve the negation or
conditional. Interpretations for Fine are assigned globally, the relations between the sit-
uations being of equal importance with the truth valuations. The removal or addition of
a situation inside the frame can modify the truth of all negations and implications in its
accessible situations and then in all others through the frame. Fine’s motivation is to
have modus ponendo tollens, also called conjunctive syllogism fail. If it fails, he can
describe a soritical series from 170 to 190 cm through the truth of the denial of all

193 Ibidem, pp. 1-2.
104 Ibidem, p. 11.
105 K it Fine, “The possibility of vagueness,” p. 3722.
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combinations such that two consecutive numbers of cm diverge (one being true or
false). Let us cite his illustration' (situations in italic, sentences in bold):

A Situations: {u*, u, v, w}

o1k ] o7
u Accessibility: {<u®, u™><u, u>,<v, v><w, w>, <u*, u>,

/ \ <u, u*>,<u, v>,<v, u>,<v, w><w, v><w, 1> <uy*, w>}
B ew w—B | Valuation: V(u®):{A}, V(u): @, V(v): @, V(w):{B}
\ / Then:
v u* E q; u =B (because u* I B and v I B);
A w E B; v = —A (because u I A and w I A)

NC holds because (A A —~A) and (B A —B) are true at all four situations. But
—((AV—A)A(BV—B))also holds, because both (A vV —~A ) and (B vV —B) do not hold
together at any of the four situations. This is the key of Fine’s description of the Sorites
paradox. He calls it a global approach because it only acts when describing a series,
not an individual situation (wherein LEM and NC hold). And a logical approach be-
cause he affirms that there is nothing in vagueness beyond this logical behavior.'"”

Both points are attractive, but the logic can be objected to. Firstly, defining nega-
tion model-theoretically can lead to a model with no true negations of atomic sentenc-
es, as indicated in 3.2, which is a counter-intuitive semantics. Secondly, together with
Zardini, Fine’s logic blocks too large a part of reasoning, by not discriminating be-
tween arguments for “tall” and “bald”. Once somebody has opinions about tallness and
baldness, he cannot reason classically from one to the other, even though vagueness is
paradoxical only in arguments using exclusively one of them. Thirdly, Fine’s logic dis-
plays non-equivalence of mpp, mpt, mtp, mit. He is the single one in which mpt (con-
junctive syllogism) fails, although it has been constantly cited as the strongest, most
reliable inference rule, from Chrysippus'® to Edgington'®. He keeps the validity of
mtp (disjunctive syllogism) and the mpp (modus ponens), appealing to philosophical
arguments to block their corresponding soritical forms.

Finally, epistemicism is supervaluationism without possible-world seman-
tics''’. There is a single number of cm separating all tall from short people, but we
do not know it, and, if the explanation in 3.3 above is correct, we cannot know it
because of natural margins of error. The Sorites paradox has a single false soritical
step, because of the acceptance of predicate-ordering monotony.

196 1hidem, p. 3709.

197 Ibidem, pp. 3705-3706.

198 Timothy Williamson, Vagueness, pp. 25-26.

19 Dorothy Edgington, “Vagueness by degrees,” p. 310.

110 For a critique of the distinction between epistemicism and supervaluationism, based viz. on the
similarity between the sharp cutoffs of epistemicism and the supertruth remarked above of the existence of
a single border see Andrew Bacon, Vagueness and thought, Oxford University Press, 2018, pp. 20-23.



106 Marian Calborean 26
5. COMPARISON
Let us put all the comparative work in three succinct tables.
5.1. MAIN COMPARISON TABLE
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CPL and Fine’s compatibilism have a single truth state: truth. Both can be
said to have two truth values, adding the false. However, Fine’s theory allows nei-
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ther the truth of a sentence, nor that of its negation obtaining, thus getting a possi-
ble third truth outcome, just like trivaluationism.

I write “/2” at “Truth-functionality” for supervaluationism because a disjunc-
tion can be true without any disjunct being true and at Fine because, as discussed,
he defines negation and implication model-theoretically.

I write “}%” at “All contradictions are F” for fuzzy logic and Smith, because, as
discussed, fuzzy semantics can define a function mimicking classical contradiction.

I write “/2” at “No failure of transitivity” for Smith, because he has conclusions
of 0.5 degree which are unusable as premises for further argument. For Zardini, conse-
quence fails of transitivity. For Fine, the accessibility relation between uses does.

5.2. COMPARISON OF VALIDITY AND SORITICAL TREATMENT
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Edgington’s When. t.he sum of the Valid and sound. Many soritical steps are
o Truth values |unverities of the prem- |. -
probability . . intermediate, but not enough to make the
(suggested) ises > the unverity of
theory . argument unsound.
the conclusion

Fine’s com- |Operators, . Mtp and mpp Sorites are valid but misguid-
patibilism truth, validity Preservation of T ed, so unsound. Mpt is invalid.

- N - : -
W¥lllam's9n S |Rejecting the Preservation of T Valid but unsound. One (unknown) step is
epistemicism |forced march false.

5.3. COMPARISON OF OBJECTIONS

Non-equivalence of mpp, mpt, mtp, mtt

Paradox can be restated in a new argument

72}
2 »
S 2
> > on
£ z | 2
e 2 S| 5| w
en ] =] < | S
£ o 5 = g Sl 5| 2| 8| §
B 5| «| 2| & = Bl 2l «=| 8| &
= ] g =] =} B0 53 o ° S Q
5y 2l .2 s8|.8| % ) 20 ol | & &
g 2| S| E|E| 8 z S| 82| 8
= El el gl €2 & al s
©n s| 3| @« 2| & O gl =S| A O | up
= E| S| o] 2| 8 kIR *é' ol S o &
.2 | ol .= g = ol 3| BE| Q| | ol &
=i o| S| E|&| = |3 ol 2 2| 8
= o Q kol
2 ol ol B g el ol 8| g =| E =
g wl .5 £ [} < = S| O s}
= Ol Bl 8| =S| & an| & £ M| o] @ 7
— sl =] 7> = ==l 2| 2| 2| 8| o
S|l = =| en| © < | < g S = = =
o Q 5 = = »n <
sl 2| 8| | 2| 8 ] (3
) [ = = Mlos 2 <=L
L sl 8| 8| &2 5 o | = Bl o bS]
= 21| B8l 2| .2 Sl E| 8| §1 8323
= = — —| = =
/M <|s|lolalA mi<|E|lalml<| A~
Trivaluationism (Halldén) v v v VA7 Y2
Trivaluationism (Korner) v v v V|7 b2
Trivaluationism (Tye) ViV v Vi ¥
Supervaluationism v V2 vV v
Fuzzy logic NaR4 ViV NEEA NN V|
Smith’s fuzzy plurivaluationism | v v 2
Goguen’s non-numerical
& VvV v vV 2
framework
Zardini’s non-transitivism v v v Vol |V Y
Weatherson’s logic of truer 2 v
Edgington’s probability theory | v | v VIV v VaNS VIV
Fine’s compatibilist semantics v v VIV v
Williamson’s epistemicism v



29 Paths through the fog: A comparative analysis of ten philosophical logics for vagueness 109

I write “%%” at “Blocks higher-order vagueness” for supervaluationism, be-
cause of the debate discussed above about its definition of validity. I write ‘%%’ at
“Indeterminate truth-assertion” for Zardini’s non-transitivism because of his dis-
tinction between truth and levels of goodness.

I write “V4” at “Does not keep CPL theorems and rules” for trivaluationism,
Zardini’s non-transitivism and Weatherson’s logic because they display, respec-
tively, either failures of some classical modes of inference, limited transitivity of
classical consequence or have extra valid sequents.

I write “'%” at “Predicate-ordering monotony” for trivaluationism, the three
fuzzy theories, Zardini’s non-transitivism because, while motivated by the intuition
that a gradation in the ordering (i.e. number of ¢cm) corresponds to a truth value,
this intuition does not have a direct semantic effect. In contrast, epistemicism and
supervaluationist argue for single borders, Edgington gives verity 1 to expressions
of predicate-ordering monotony, Fine’s compatibilism rejects disjunctive syllogism
on its account''" and I understand Weatherson as reading it in a series of strict con-
ditionals generating his >t relation.

CONCLUSION

I explored at least ten philosophical logics for vagueness, in a comparative
analysis.

Out of the variants of trivaluationism, the most consistent is Tye’s. It has the
serious disadvantage of forbidding metalogical statements about the intermediate
value and has a counter-intuitive semantics, by making set membership indetermi-
nate. Smith’s fuzzy plurivaluationism is the best continuum-valued logics have to
offer to the philosophy of vagueness. I found Weatherson’s logic of truer prefera-
ble to standard supervaluationism, because, in my reading, it is not committed to
the truth of “a single soritical step is false” and avoids more elegantly the objec-
tions related to higher-order vagueness. I believe the intuitions behind Edgington’s
probabilistic logic of vagueness and Fine’s globalist and logicalist position are bet-
ter captured by expressing in FOL that a person is tall but they may be so at a
height where most others are not, which is easy to do''%.

This variant of classical logic, not covered in this study, would correspond to
an epistemicism without predicate-ordering monotony, and thus without ignorance,

and may meet all the objections above''.

1T Kit Fine, “The possibility of vagueness.”

112 Marian Cilborean, “The nature and logic of vagueness,” pp. 177-179.

113 This paper is a revised version of Chapter 12 of Marian Cilborean, “The nature and logic of
vagueness” (PhD Thesis, University of Bucharest, 2020).



